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15 On the Witten Rigidity Theorem for
Odd Dimensional Manifolds
Fei HAN∗, Jianqing YU†
Abstract
We establish several Witten type rigidity and vanishing theorems
for twisted Toeplitz operators on odd dimensional manifolds. We ob-
tain our results by combining the modular method, modular trans-
gression and some careful analysis of odd Chern classes for cocycles
in odd K-theory. Moreover we discover that in odd dimensions, the
fundamental group of manifolds plays an important role in the rigidity.
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1 Introduction
LetM be a closed smooth manifold and P be a Fredholm operator onM .
We assume that a compact connected Lie groupG acts onM nontrivially and
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that P is G-equivariant, by which we mean it commutes with the G action.
Then the kernel and cokernel of P are finite dimensional representations of
G. The equivariant index of P is the virtual character of G defined by
Ind(h, P ) = Tr
[
h
∣∣
kerP
]− Tr [h∣∣
cokerP
]
, h ∈ G. (1.1)
P is said to be rigid for this G action if Ind(h, P ) does not depend on
h ∈ G. Furthermore, we say that P has vanishing property if Ind(h, P )
is identically zero. To study rigidity and vanishing properties of Fredholm
operators, we only need to restrict to the case when G = S1.
It is well known that classical operators: the signature operator for ori-
ented manifolds, the Dolbeault operator for almost complex manifolds and
the Dirac operator for spin manifolds are rigid [2]. In [30], Witten derived
a series of twisted Dirac operators on the free loop space LM of a spin
manifold M . The elliptic genus constructed by Landweber-Stong [17] and
Ochanine [27] in a topological way turns out to be the index of one of these
operators. Motivated by physics, Witten conjectured that these elliptic op-
erators should be rigid. In particular, as a highly nontrivial consequence,
the twisted operator
D ⊗ TCM
which is known as the Rarita-Schwinger operator [29] is rigid. We refer to
[16] for a brief early history of the subject.
The Witten conjecture was first proved by Taubes [28] and Bott-Taubes
[4]. Hirzebruch [13] and Krichever [15] proved Witten’s conjecture for almost
complex manifold case. In [20, 21], using the modular invariance property,
Liu presented a simple and unified proof as well as various vast generaliza-
tions of the Witten conjecture. Several new vanishing theorems were also
established in [20, 21]. In [7], Dessai established the rigidity and vanishing
theorems for spinc case. Liu-Ma [22, 23] and Liu-Ma-Zhang [24, 25] gener-
alized the rigidity and vanishing theorems to the family case on the levels
of equivariant Chern character and of equivariant K-theory. However, since
Dirac operators on odd dimensional manifolds are self ajoint and therefore
have index zero, the rigidity and vanishing properties for twisted Dirac op-
erators make sense only for even dimensional manifolds.
Now let M be an odd dimensional closed smooth spin Riemannian man-
ifold. The appropriate index to consider on M is that of twisted Toeplitz
operators ([3, 11]), which gives the natural pairing between oddK-homology
and odd K-group. Thus it fits with the interpretation of the index of twisted
Dirac operator on even dimensional manifolds as a pairing between even K-
homology and even K-group. An element of K−1(M) can be represented
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by a differentiable map from M into the general linear group
g :M −→ GL(N,C),
where N is a positive integer. We recall the definition of Toeplitz operators
as follows.
Let ∆(TM) be the Hermitian bundle of spinors and E be a complex
Hermitian vector bundle carrying a Hermitian connection ∇E over M . The
twisted Dirac operator D ⊗ E induces a splitting of L2(M,∆(TM) ⊗ E),
the L2-completion of the space Γ(M,∆(TM) ⊗ E) of smooth sections of
∆(TM)⊗ E over M , into an orthogonal direct sum as
L2(M,∆(TM) ⊗ E) =
⊕
λ∈ Spec (D⊗E)
Eλ ,
where Eλ is the eigenspace associated to the eigenvalue λ of D ⊗ E . Set
L2+(M,∆(TM) ⊗ E) =
⊕
λ≥0
Eλ,
and denote by P+ the orthogonal projection from L
2(M,∆(TM) ⊗ E) to
L2+(M,∆(TM) ⊗ E).
Now consider the trivial vector bundle CN |M of rank N over M . We
equip CN |M with the canonical trivial metric and connection. Then P+
extends naturally to an orthogonal projection
L2(M,∆(TM) ⊗ E ⊗ CN |M ) −→ L2+(M,∆(TM) ⊗ E ⊗ CN |M )
by acting as identity on CN |M . We still denote this extension by P+.
The map g can be interpreted as an automorphism of CN |M . Moreover,
g extends naturally to a bounded map from
L2(M,∆(TM) ⊗ E ⊗ CN |M )
to itself by acting as identity on L2(M,∆(TM) ⊗ E). We still denote this
extended map by g.
With the above data given, the twisted Toeplitz operator associated to
D ⊗ E and g can be defined as
T ⊗ E ⊗ (CN |M , g) := P+gP+ : (1.2)
L2+
(
M,∆(TM)⊗ E ⊗ CN |M
) −→ L2+(M,∆(TM)⊗ E ⊗ CN |M).
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The important fact is that T ⊗ E ⊗ (CN |M , g) is a Fredholm operator.
Moreover, we can compute its index as follows (see [3, 11]),
Ind
(T ⊗ E ⊗ (CN |M , g))
= −
〈
Â(TM,∇TM ) ch(E ,∇E ) ch(CN |M , g, d), [M ]
〉
,
(1.3)
where [M ] denotes the fundamental class of M . See Section 2.1 for the
relevant characteristic forms.
In [26], Liu-Wang for the first time study the rigidity and vanishing
properties of Toeplitz operators. They obtained a very interesting result
[26, Theorem 2.4] which states that
T ⊗ (CN |M , g)
is rigid and this can be thought of as an odd analogue of Atiyah-Hirzebruch
theorem [2]. Furthermore, they established the rigidity for twisted Toeplitz
operators associated to the Witten bundles by Liu’s approach [20, 21] un-
der the assumption that the fixed point sets of the group action are 1-
dimensional.
The purpose of the present paper is to extend their rigidity and vanish-
ing properties for twisted Toeplitz operators to the cases of fixed points of
general dimensions. Let
Θ2(TM) =
∞⊗
n=1
Sqn(TCM)⊗
∞⊗
n=1
Λ−qn−1/2(TCM), (1.4)
Θ3(TM) =
∞⊗
n=1
Sqn(TCM)⊗
∞⊗
n=1
Λqn−1/2(TCM). (1.5)
We obtain the following result (see the proof after Corollary 3.7).
Theorem 1.1. Let M be an odd dimensional smooth closed spin Rieman-
nian manifold with a nontrivial circle action. Let g : M −→ SO(N) be an
S1-invariant cocycle in the odd real K-theory of M . Suppose M is simply
connected and H3(M,R) = 0. Then the Toeplitz-Witten operators
T ⊗Θ2(TM)⊗ (CN |M , g), T ⊗Θ3(TM)⊗ (CN |M , g)
are rigid. In particular, the Toeplitz-Rarita-Schwinger operator
T ⊗ TCM ⊗ (CN |M , g)
is rigid.
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We would like to point out that if we extend D⊗E as an operator from
Γ(M,∆(TM)⊗ E ⊗ CN |M )
to itself by acting as identity on CN |M , the equivariant index
Ind(h,T ⊗ E ⊗ (CN |M , g)), h ∈ S1
computes the equivariant spectral flow (see [10, Theorem 2.7])
sf(h,D ⊗ E , g(D ⊗ E)g−1)
for the path
(1− u)D ⊗ E + ug(D ⊗ E)g−1, u ∈ [0, 1].
Hence when M is simply connected and H3(M,R) = 0, the equivariant
spectral flows
sf
(
h,D ⊗Θ2(TM), g(D ⊗Θ2(TM))g−1
)
and
sf
(
h,D ⊗Θ3(TM), g(D ⊗Θ3(TM))g−1
)
do not depend on h ∈ S1. In particular, the equivariant spectral flow
sf
(
h,D ⊗ TCM,g(D ⊗ TCM)g−1
)
for the Rarita-Schwinger operators does not depend on h ∈ S1.
Actually we have obtained more general results; see Theorems 3.3, 3.4
and Corollaries 3.7, 3.8. Our approach is to combine Liu’s modularity meth-
ods [20, 21], the modular transgression in [6] and some careful analysis of
Chern classes for cocycles in odd K-theory. Also, parallel to [26, Theorem
2.4], we are able to show the rigidity of the Toeplitz-Signature operator
T ⊗∆(TM)⊗ (CN |M , g)
in Theorem 3.2 without assuming the simply connectedness of M and the
vanishing of of H3(M,R). Our results should have applications to the study
of topology of odd dimensional manifolds.
A brief outline of the paper is as follows. In Section 2, we first review
some important characteristic forms and then study modularities of odd
Chern character forms. We then introduce elliptic genera and Witten genera
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for the pair (M, [g]) on odd dimensional manifolds as well as relate them to
indices of Toeplitz operators. Section 3 is devoted to the study of rigidity
of the twisted Toeplitz operators.
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2 Elliptic genera on odd dimensional manifolds
2.1 Some Characteristic Forms
Let M be a closed smooth Riemannian manifold. Let ∇TM be the asso-
ciated Levi-Civita connection on TM and RTM = (∇TM )2 be the curvature
of ∇TM . Let Â(TM,∇TM ) and L̂(TM,∇TM ) be the characteristic forms
defined, respectively, by (c.f. [31, Section 1.6], [18, Section III.11])
Â(TM,∇TM ) = det1/2
( √−1RTM/(4pi)
sinh
(√−1RTM/(4pi))
)
,
L̂(TM,∇TM ) = det1/2
( √−1RTM/(4pi)
tanh
(√−1RTM/(4pi))
)
.
(2.1)
Let W , W ′ be two complex vector bundles over M carrying connections
∇W , ∇W ′, respectively. Then the formal difference W −W ′ carries a natu-
rally induced connection which we denote by ∇⊖. We recall that the Chern
character form associated to (W −W ′,∇⊖) is (see [31, Section 1.6] )
ch(W −W ′,∇⊖) = Tr
[
exp
(√−1
2pi
RW
)]
− Tr
[
exp
(√−1
2pi
RW
′
)]
, (2.2)
where RW and RW
′
denote the curvatures of ∇W and ∇W ′ respectively.
For any t ∈ C, let
Λt(W ) =
∞∑
i=0
tiΛi(W ), St(W ) =
∞∑
i=0
tiSi(W ) (2.3)
denote, respectively, the total exterior and symmetric powers of W , which
live in K(M)[[t]]. The following relations between these two operations hold
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(see [1, Chapter 3]),
St(W ) =
1
Λ−t(W )
, Λt(W −W ′) = Λt(W )
Λt(W ′)
. (2.4)
For a real Euclidean vector bundle V over M , we denote by VC the
complexification of V , which carries a naturally induced Hermitian metric.
Set
V˜C = VC − CdimV ∈ K(M).
If V carries a spin structure, we denote by ∆(V ) the Hermitian bundle
of spinors associated to V .
Let q = e2pi
√−1τ with τ ∈ H, the upper half complex plane. Set
Q1(V )v = ∆(V )⊗
∞⊗
n=1
Λqn(V˜C) ,
Q2(V )v =
∞⊗
n=1
Λ−qn−1/2(V˜C) , Q3(V )v =
∞⊗
n=1
Λqn−1/2(V˜C) .
(2.5)
Let ∇V be an Euclidean connection on V , which canonically induces Her-
mitian connections on the coefficients of the formal Fourier expansions of
Qj(V )v , j = 1, 2, 3, in q
1/2. Thus we get induced connections ∇Qj(V )v with
q1/2-coefficients on Qj(V )v, j = 1, 2, 3.
To express the Chern character forms of (Qj(V )v ,∇Qj(V )v ) explicitly, we
recall the four Jacobi theta functions as follows (see [5]),
θ(v, τ) = 2c(q)q1/8 sin(piv)
∞∏
n=1
(1− qne2pi
√−1v)
∞∏
n=1
(1− qne−2pi
√−1v), (2.6)
θ1(v, τ) = 2c(q)q
1/8 cos(piv)
∞∏
n=1
(1 + qne2pi
√−1v)
∞∏
n=1
(1 + qne−2pi
√−1v), (2.7)
θ2(v, τ) = c(q)
∞∏
n=1
(1− qn−1/2e2pi
√−1v)
∞∏
n=1
(1− qn−1/2e−2pi
√−1v), (2.8)
θ3(v, τ) = c(q)
∞∏
n=1
(1 + qn−1/2e2pi
√−1v)
∞∏
n=1
(1 + qn−1/2e−2pi
√−1v), (2.9)
where c(q) =
∏∞
n=1(1 − qn). By using the Chern roots algorithm as in [6,
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Section 3], we obtain the following formulas,
ch(Q1(V )v ,∇Q1(V )v , τ) = det1/2
(2 θ1(RV /(4pi2), τ)
θ1(0, τ)
)
,
ch(Qj(V )v ,∇Qj(V )v , τ) = det1/2
(θj(RV /(4pi2), τ)
θj(0, τ)
)
, j = 2, 3,
(2.10)
where RV denotes the curvature of ∇V .
We recall characteristic forms for odd K-theory ([11], cf. [31]). Let
g :M −→ GL(N,C)
be a smooth map from M to the general linear group GL(N,C) with N a
positive integer, and let CN |M denote the trivial complex vector bundle of
rank N over M . Then g can be viewed as an automorphism of CN |M .
Let d denote a trivial connection on CN |M , and we associate with g a
natural element
g−1dg = g−1 · d · g − d ∈ Ω1(M,End(CN |M )).
Then Tr
[
(g−1dg)n
]
is closed for any positive odd integer n. Moreover, the
cohomology class determined by Tr
[
(g−1dg)n
]
in Hodd(M,C) depends only
on the homotopy class [g] of g. We will denote by cn(M, [g]) the cohomology
class associated to the closed n-form
cn(C
N |M , g, d) =
( 1
2pi
√−1
)(n+1)/2
Tr
[
(g−1dg)n
]
. (2.11)
The odd Chern character form ch(CN |M , g, d) associated to g and d by
definition is
ch(CN |M , g, d) =
∞∑
n=1
n!
(2n + 1)!
c2n+1(C
N |M , g, d). (2.12)
Alternatively, ch(CN |M , g, d) is exactly the Chern-Simons form associated
to the curve
∇u = (1− u)d+ u g−1 · d · g = d+ u g−1dg, u ∈ [0, 1] (2.13)
of connections on CN |M , which is such that (see [11, Section 1])
d ch(CN |M , g, d) = ch(CN |M , d)− ch(CN |M , g−1 · d · g). (2.14)
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2.2 Modularities of odd Chern character forms
Let g :M → SO(N) be a smooth map from M to the special orthogonal
group SO(N) with N a positive integer. We assume that N is even and
large enough. Otherwise, we replace g by
(
g 0
0 I
)
with I a certain identity
matrix of large rank.
Let E denote the trivial real vector bundle of rank N over M . We equip
E with the canonical trivial metric and trivial connection d which is clearly
Euclidean. Set (cf. (2.13))
∇u = d+ u g−1dg, u ∈ [0, 1], (2.15)
then ∇u, u ∈ [0, 1] defines a curve of Euclidean connections on E with
∇0 = d and ∇1 = g−1 · d · g. Let Ru be the curvature of ∇u, then
Ru = (u
2 − u)(g−1dg)2, u ∈ [0, 1]. (2.16)
By complexification, the metric and the trivial connection on E induce
naturally a Hermitian metric and a trivial Hermitian connection on EC.
Also, g extends to a unitary automorphism of EC, due to the obvious em-
bedding SO(N) ⊂ U(N), the unitary group. Hence, (2.15) extends naturally
to Hermitian connections on EC with curvatures still given by (2.16).
Let ∆(E) be the spinor bundle of E, which is a trivial Hermitian bundle
of rank 2N/2.
Let pi1(·) denote the fundamental group of a topological space. We as-
sume that the induced map
g∗ : pi1(M) −→ pi1(SO(N)) = Z2
is trivial. Then by [12, Chapter 1], there exists a unique lift (depending on
the choice of the base point) to the Spin group Spin(N),
g∆ :M −→ Spin(N). (2.17)
g∆ can be viewed as an automorphism of ∆(E) preserving the Hermitian
metric. If we lift d on E to be a trivial Hermitian connection d∆ on ∆(E),
then
∇∆u = (1− u) d∆ + u (g∆)−1 · d∆ · g∆, u ∈ [0, 1] (2.18)
lift the connections in (2.15) on E to ∆(E).
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Let Qj(E)v , j = 1, 2, 3 be the virtual bundles defined as in (2.5). Then
the action of g on E naturally induces actions gQj(E)v on Qj(E)v . As ex-
plained below (2.5), let ∇Qj(E)v0 and ∇
Qj(E)v
1 denote, respectively, the con-
nections on Qj(E)v induced by ∇0 and ∇1. From (2.10) and [6, Theorem
2.2], we get that
ch(Q1(E)v ,∇Q1(E)v0 , τ)− ch(Q1(E)v ,∇Q1(E)v1 , τ)
= −d
∫ 1
0
1
8pi2
det1/2
(2 θ1(Ru/(4pi2), τ)
θ1(0, τ)
)
Tr
[
g−1dg
θ′j(Ru/(4pi
2), τ)
θj(Ru/(4pi2), τ)
]
du
and that for j = 2, 3 (compare with [6, (5.4)-(5.5)]),
ch(Qj(E),∇Qj(E)0 , τ)− ch(Qj(E),∇Qj (E)1 , τ)
= −d
∫ 1
0
1
8pi2
det1/2
(θj(Ru/(4pi2), τ)
θj(0, τ)
)
Tr
[
g−1dg
θ′j(Ru/(4pi
2), τ)
θj(Ru/(4pi2), τ)
]
du.
However, since Tr
[
(g−1dg)n
]
vanishes for any positive even integer n
(see [31, (1.40)]), we deduce from (2.16) that for j = 1, 2, 3,
det1/2
(θj(Ru/(4pi2), τ)
θj(0, τ)
)
= exp
(1
2
Tr log
θj(Ru/(4pi
2), τ)
θj(0, τ)
)
= 1. (2.19)
Therefore we have for j = 1, 2, 3,
ch
(
Qj(E)v ,∇Qj(E)v0 , τ
) − ch (Qj(E)v ,∇Qj(E)v1 , τ)
= d ch
(
Qj(E)v , g
Qj(E)v , d, τ
)
,
where
ch(Q1(E)v , g
Q1(E)v , d, τ)
= −2
N/2
8pi2
∫ 1
0
Tr
[
g−1dg
θ′1(Ru/(4pi
2), τ)
θ1(Ru/(4pi2), τ)
]
du.
(2.20)
and
ch(Qj(E)v , g
Qj(E)v , d, τ)
= − 1
8pi2
∫ 1
0
Tr
[
g−1dg
θ′j(Ru/(4pi
2), τ)
θj(Ru/(4pi2), τ)
]
du, j = 2, 3.
(2.21)
As explained in [31, Section 1.8],
ch(Qj(E)v , g
Qj(E)v , d, τ), j = 1, 2, 3
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are closed, and each determines an element inH4i−1(M,C)[[q1/2]] depending
only on the homotopy class [g].
Let
Γ0(2) =
{(a b
c d
) ∣∣∣ a, b, c, d ∈ Z, ad− bc = 1}
as usual be the modular group, and
Γ0(2) =
{(a b
c d
)
∈ SL2(Z)
∣∣∣ c ≡ 0 (mod 2)}, (2.22)
Γ0(2) =
{(a b
c d
)
∈ SL2(Z)
∣∣∣ b ≡ 0 (mod 2)}, (2.23)
Γθ =
{(a b
c d
)
∈ SL2(Z)
∣∣∣ (a b
c d
)
≡
(
1 0
0 1
)
or
(
0 1
1 0
)
(mod 2)
}
. (2.24)
be the three modular subgroups of SL2(Z).
Definition 2.1. Let Γ be a subgroup of SL2(Z). A modular form over Γ is
a holomorphic function f(τ) on H ∪ {∞} such that for any
G =
(
a b
c d
)
∈ Γ,
the following property holds,
f(G τ) := f
(aτ + b
cτ + d
)
= χ(G )(cτ + d)kf(τ),
where χ : Γ −→ C∗ is a character of Γ and k is called the weight of f .
If ω is a differential form onM , we denote by ω(i) the degree i component
of ω.
Proposition 2.2 (Compare with [6, Theorem 5.1]). For any integer i ≥ 2,
{ch(Qj(E)v , gQj(E)v , d, τ)}(4i−1), j = 1, 2, 3
are modular forms of weight 2i over Γ0(2), Γ
0(2) and Γθ, respectively.
Proof. Using the transformation formulas [6, (3.29)-(3.31),(4.6)], we deduce
directly from (2.20) and (2.21) that
ch(Q1(E)v , g
Q1(E)v , d, τ + 1) = ch(Q1(E)v , g
Q1(E)v , d, τ),
ch(Q2(E)v , g
Q2(E)v , d, τ + 1) = ch(Q3(E)v , g
Q3(E)v , d, τ).
(2.25)
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and that for any integer i ≥ 1,{
ch
(
Q1(E)v , g
Q1(E)v , d,−1
τ
)}(4i−1)
= 2N/2
{
τ2i ch(Q2(E)v , g
Q2(E)v , d, τ) − τ
√−1
24pi
c3(EC, g, d)
}(4i−1)
,
(2.26)
and {
ch
(
Q3(E)v , g
Q3(E)v , d,−1
τ
)}(4i−1)
=
{
τ2i ch(Q3(E)v , g
Q3(E)v , d, τ) − τ
√−1
24pi
c3(EC, g, d)
}(4i−1)
.
(2.27)
Recall that the generators of Γ0(2) are T , ST
2ST , the generators of
Γ0(2) are STS, T 2STS and the generators of Γθ are S, T
2 (see [5]), where
S =
(
0 −1
1 0
)
, T =
(
1 1
0 1
)
. (2.28)
Due to the above fact, the proposition now follows from (2.25)-(2.27) in a
standard way (see, e.g., [6, (4.13)]).
2.3 Elliptic genera in odd dimensions
Set (see [30, 19])
Θ1(TM)v =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
n=1
Λqn(T˜CM), (2.29)
Θ2(TM)v =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
n=1
Λ−qn−1/2(T˜CM), (2.30)
Θ3(TM)v =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
n=1
Λqn−1/2(T˜CM), (2.31)
Θ(TM)v =
∞⊗
n=1
Sqn(T˜CM). (2.32)
We introduce the odd analogues of the Landweber-Stong forms and the
Witten forms as follows.
Definition 2.3 (Compare with [6, Definition 3.1]). We call
ΦL(∇TM , g, d, τ) = 2 (dimM−1)/2 L̂(TM,∇TM )
· ch(Θ1(TM)v ,∇Θ1(TM)v , τ) · ch(Q1(E)v , gQ1(E)v , d, τ)
(2.33)
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the Landweber-Stong type form ofM associated to ∇TM , d and g. Also, we
call
ΦW(∇TM , g, d, τ) = Â(TM,∇TM ) ch(Θ2(TM)v,∇Θ2(TM)v , τ)
· ch(Q2(E)v , gQ2(E)v , d, τ)
(2.34)
Φ′W(∇TM , g, d, τ) = Â(TM,∇TM ) ch(Θ3(TM)v,∇Θ3(TM)v , τ)
· ch(Q3(E)v , gQ3(E)v , d, τ),
(2.35)
ΨW, j(∇TM , g, d, τ) = Â(TM,∇TM ) ch(Θ(TM)v ,∇Θ(TM)v , τ)
· ch(Qj(E)v , gQj(E)v , d, τ), j = 1, 2, 3
(2.36)
the Witten type forms of M associated to ∇TM , d and g.
Applying the Chern-Weil theory, we can express the Landweber-Stong
type forms and the Witten type forms in terms of theta functions and cur-
vatures as in [6, Proposition 3.1] (see also [21, 19, 20]).
Combining Proposition 2.2 and [6, Proposition 3.2], we establish the
following modularities.
Proposition 2.4 (Compare with [6, Proposition 3.2]).
(i) If c3(EC, g, d) = 0, then for any integer i ≥ 1,
{ΦL(∇TM , g, d, τ)}(4i−1) , {ΦW(∇TM , g, d, τ)}(4i−1)
and {Φ′W(∇TM , g, d, τ)}(4i−1) are modular forms of weight 2i over Γ0(2),
Γ0(2) and Γθ respectively.
(ii) If c3(EC, g, d) = 0 and the first Pontryagin form p1(TM,∇TM ) = 0,
then for any integer i ≥ 1,
{ΨW, j(∇TM , g, d, τ)}(4i−1) , j = 1, 2, 3
are modular forms of weight 2i over Γ0(2), Γ
0(2) and Γθ respectively.
We now assume thatM is a (4k−1)-dimensional closed oriented smooth
manifold. Let [M ] be the fundamental class of M . Set
φL(M, [g], τ) = 〈ΦL(∇TM , g, d, τ), [M ]〉,
φW(M, [g], τ) = 〈ΦW(∇TM , g, d, τ), [M ]〉,
φ′W(M, [g], τ) = 〈Φ′W(∇TM , g, d, τ), [M ]〉,
ψW, j(M, [g], τ) = 〈ΨW, j(∇TM , g, d, τ), [M ]〉, j = 1, 2, 3.
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Definition 2.5. We call φL(M, [g], τ), φW(M, [g], τ) and φ
′
W(M, [g], τ) the
elliptic genera of the pair (M, [g]), and call φW(M, [g], τ), φ
′
W(M, [g], τ),
ψW, j(M, [g], τ), j = 1, 2, 3 the Witten genera of the pair (M, [g]).
Theorem 2.6. Assume c3(M, [g]) = 0. We have
(i) the elliptic genera of the pair (M, [g])
φL(M, [g], τ), φW(M, [g], τ) and φ
′
W(M, [g], τ)
are modular forms of weight (dimM + 1)/2 over Γ0(2), Γ
0(2), and Γθ, re-
spectively;
(ii) if the first Pontryagin class p1(M) = 0, then the Witten genera of the
pair (M, [g])
ψW, j(M, [g], τ), j = 1, 2, 3
are modular forms of weight (dimM + 1)/2 over Γ0(2), Γ
0(2), and Γθ, re-
spectively.
Assume thatM is spin. Then by the index formula (1.3), we can interpret
the above elliptic genera and Witten genera of the pair (M, [g]) on (4k− 1)-
dimensional manifolds analytically as the indices of the twisted Toeplitz
operators as follows,
φL(M, [g], τ) = − Ind(T ⊗∆(TM)⊗Θ1(TM)v ⊗ (Q1(E)v , gQ1(E)v)),
φW(M, [g], τ) = − Ind(T ⊗Θ2(TM)v ⊗ (Q2(E)v , gQ2(E)v )),
φ′W(M, [g], τ) = − Ind(T ⊗Θ3(TM)v ⊗ (Q3(E)v , gQ3(E)v )),
ψW, j(M, [g], τ) = − Ind(T ⊗Θ(TM)v ⊗ (Qj(E)v , gQj(E)v)), j = 1, 2, 3.
3 Witten rigidity on odd dimensional manifolds
3.1 An S1-equivariant index theorem for Toeplitz operators
Let M be an odd dimensional closed smooth spin Riemannian manifold
which admits a circle action. Without loss of generality, we may assume
that S1 acts on M isometrically and preserves the spin structure of M .
Let E be an S1-equivariant complex vector bundle overM carrying an S1-
invariant Hermitian connection. Then the associated twisted Dirac operator
D ⊗ E is S1-equivariant, which implies that the corresponding orthogonal
projection P+ is also S
1-equivariant.
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In addition, we assume g :M −→ GL(N,C) is S1-invariant, i.e.,
g(hx) = g(x), for any h ∈ S1 and x ∈M. (3.1)
Thus the twisted Toeplitz operator T ⊗ E ⊗ (CN |M , g) is S1-equivariant.
Let MS
1
denote the fixed submanifold of the circle action on M . In
general, MS
1
is not connected. We fix a connected componentMS
1
α ofM
S1 ,
and omit the subscript α if there is no confusion.
Let N denote the normal bundle to MS
1
in M , which can be identified
as the orthogonal complement of TMS
1
in TM
∣∣
MS1
. Then we have the
following S1-equivariant decomposition when restricted upon MS
1
,
TM
∣∣
MS1
= Nm1 ⊕ · · · ⊕Nml ⊕ TMS
1
, (3.2)
where each Nγ , γ = m1, · · · ,ml, is a complex vector bundle such that h ∈ S1
acts on it by hγ . To simplify the notation, we will write that
TM
∣∣
MS1
=
⊕
γ 6=0
Nγ ⊕ TMS1 , (3.3)
where Nγ is a complex vector bundle such that h ∈ S1 acts on it by hγ with
γ ∈ Z\{0}. Clearly, N = ⊕γ 6=0Nγ . From now on, we will regard N as a
complex vector bundle. Let
2pi
√−1x jγ , j = 1, · · · ,dimNγ
be the Chern roots of Nγ . Let
±2pi√−1yj, j = 1, · · · , (dimMS1 − 1)/2
be the Chern roots of TMS
1 ⊗ C.
Similarly, let
E∣∣
MS1
=
⊕
ν
Eν (3.4)
be the S1-equivariant decomposition of the restrictions of E overMS1 , where
Eν is a complex vector bundle such that h ∈ S1 acts on it by hν with ν ∈ Z.
We denote by
2pi
√−1w jν , j = 1, · · · ,dim Eν
the Chern roots of Eν .
For f(·) a holomorphic function, we denote by f(y)(TMS1) = ∏j f(yj)
the symmetric polynomial that gives characteristic class of TMS
1
, and we
use the same notation for Nγ .
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The following equivariant index formula is an immediate consequence
of the odd equivariant index theorem for Toeplitz operators of Fang [10,
Theorem 4.3] and Liu-Wang [26, Theorem 2.3].
Proposition 3.1 ([26, (2.5)]). Let h = e2pi
√−1t, t ∈ [0, 1]\Q be a topological
generator of S1. Then
Ind
(
h,T ⊗ E ⊗ (CN |M , g)
)
= −
〈
ch(CN |M , g, d) piy
sin(piy)
(TMS
1
)
·
∏
γ
1
2
√−1 sinpi(xγ + γ t)
(Nγ) ·
∑
ν
∑
j
e2pi
√−1(wjν+ν t),
[
MS
1]〉
,
(3.5)
where
[
MS
1]
is the fundamental class of MS
1
which carries the orientation
compatible with that of M and N .
As a direct application of Proposition 3.1, we deduce an odd analogue
of the rigidity of the signature operator.
Theorem 3.2. T ⊗∆(TM)⊗ (CN |M , g) is rigid.
Proof. For z ∈ C, set
f(z) = −2 (dimMS
1−1)/2
〈
ch(CN |M , g, d) piy
tan(piy)
(TMS
1
)
·
∏
γ
zγepi
√−1xγ + e−pi
√−1xγ
zγepi
√−1xγ − e−pi
√−1xγ (Nγ),
[
MS
1]〉
.
(3.6)
Then f(z) is a rational function and has no poles on C \ S1.
But by (3.3) and (3.5), we see that f coincides with the continuous
function Ind
(
z,T ⊗ E ⊗ (CN |M , g)
)
on the dense subset which consists of
the topological generators of S1. Thus f must be bounded on S1.
Now f(z) is constant on C due to the fact that limz→∞ f(z) exists.
3.2 Witten rigidity in odd dimensions
Let V be an S1-equivariant real spin vector bundle over M . Let ∆(V )
be the corresponding spinor bundle.
Let g :M −→ SO(N) be an S1-invariant smooth map fromM to SO(N)
with N a positive even integer large enough. Let E denote the trivial real
vector bundle of rank N overM , which is equipped with the canonical trivial
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metric and trivial connection d. Set (cf. (2.5))
Q1(E) = ∆(E)⊗
∞⊗
n=1
Λqn(EC) ,
Q2(E) =
∞⊗
n=1
Λ−qn−1/2(EC) , Q3(E) =
∞⊗
n=1
Λqn−1/2(EC) .
(3.7)
Let gQj(E), j = 1, 2, 3 be the actions on Qj(E) respectively induced from
the action of g on E.
Following [21], we introduce the following elements in K(M)[[q1/2]],
Θ1(TM |V ) =
∞⊗
n=1
Sqn(TCM)⊗
∞⊗
n=1
Λqn(VC), (3.8)
Θ2(TM |V ) =
∞⊗
n=1
Sqn(TCM)⊗
∞⊗
n=1
Λ−qn−1/2(VC), (3.9)
Θ3(TM |V ) =
∞⊗
n=1
Sqn(TCM)⊗
∞⊗
n=1
Λqn−1/2(VC). (3.10)
For simplicity, denote
Θ1(TM |TM), Θ2(TM |TM) and Θ3(TM |TM)
by
Θ1(TM), Θ2(TM) and Θ3(TM),
respectively.
If V is even dimensional, let ∆(V ) = ∆+(V ) ⊕ ∆−(V ) be the natural
Z2-grading. Set
Θ(TM |V ) =
∞⊗
n=1
Sqn(TCM)⊗
∞⊗
n=1
Λ−qn(VC). (3.11)
Let H∗S1(M,Z) = H
∗(M ×S1 ES1,Z) denote the S1-equivariant coho-
mology group of M , where ES1 is the universal S1-principal bundle over
the classifying space BS1 of S1. So H∗S1(M,Z) is a module over H
∗(BS1,Z)
induced by the projection pi :M ×S1 ES1 → BS1. Recall that
H∗(BS1,Z) = Z[[u]] (3.12)
with u being a generator of degree 2.
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The S1-equivariant characteristic class of an S1-bundle W over M by
definition is the usual characteristic class of the bundle W ×S1 ES1 over
M ×S1 ES1. Let p1(·)S1 denote the first S1-equivariant pontrjagin class.
We suppose that there exists some integer n ∈ Z such that
p1(V )S1 − p1(TM)S1 = n · pi∗u2. (3.13)
Following [20], we call n the anomaly to rigidity.
The following theorems generalize the Witten rigidity theorems and van-
ishing theorems [20, Corollary 3.1] to the case of odd dimensional manifolds.
They are similar to [26, Theorem 2.5 and Corollary 3.6], while without
putting restriction on the dimension of fixed point set. Instead we put some
topological conditions on g.
Theorem 3.3. Suppose g∗ = 1, c3(M, [g]) = 0 and (3.13) holds. Then we
have
(i) If n = 0, then following S1-equivariant Toeplitz operators are rigid,
T ⊗∆(V )⊗Θ1(TM |V )⊗ (Q1(E), gQ1(E)),
T ⊗Θ2(TM |V )⊗ (Q2(E), gQ2(E)),
T ⊗Θ3(TM |V )⊗ (Q3(E), gQ3(E)),
T ⊗ (∆+(V )−∆−(V ))⊗Θ(TM |V )⊗ (Qj(E), gQj (E)), j = 1, 2, 3.
(ii) If n < 0, then the equivariant indices of the above operators all vanish.
Proof. Combining [9, Theorem 1.2] and Theorem 3.9, which will be given in
the next subsection, we obtain the virtual version of the theorem. Since the
equivariant index of the virtual case and that of the non-virtual one differ
by a constant (depending on q), we complete the proof of Theorem 3.3.
Theorem 3.4. Suppose g∗ = 1, c3(M, [g]) = 0 and (3.13) holds. Then we
have
(i) If n = 0, then following S1-equivariant Toeplitz operators are rigid,
T ⊗Θ2(TM |V )⊗ (EC, g), T ⊗Θ3(TM |V )⊗ (EC, g).
(ii) If n < 0, then the equivariant indices of the above operators vanish.
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Proof. Suppose Θ2(TM |V ) and Q2(E) admit formal Fourier expansion in
q1/2 as
Θ2(TM |V ) =
∞∑
j=0
Aj q
j/2 , Q2(E) =
∞∑
j=0
Bj q
j/2, (3.14)
with Aj ’s, Bj’s being elements in K(M). In particular, we verify that
A0 = C|M , A1 = −VC, A2 = TCM ⊕ Λ2(VC),
B0 = C|M , B1 = −EC, B2 = Λ2(EC).
(3.15)
We will use the following convention for the sake of simplicity.
Convention We will say an S1-equivariant twisted Toeplitz operator P has
good property, if P is rigid when n = 0, and if P has vanishing property
when n < 0.
Applying Theorem 3.3 and picking up the q
j+1
2 -coefficient in the expan-
sion of the operator
T ⊗Θ2(TM |V )⊗ (Q2(E), gQ2(E)),
we see that the equivariant Toeplitz operator
T ⊗A0 ⊗ (Bj+1, gBj+1) · · · + T ⊗Aj ⊗ (B1, gB1) (3.16)
has the good property.
First note that the operator T ⊗ A0 ⊗ (Bj , gBj ) has the good property
for all j ≥ 1 due to the theorem of Liu-Wang [26, Theorem 2.4]. Here no
conditions about Chern classes of (Bj , g
Bj ) are needed.
From Theorem 3.3, we see that under the condition
g∗ = 1, c3(M, [g]) = 0,
taking j = 1, the operator
T ⊗A0 ⊗ (B2, gB2) + T ⊗A1 ⊗ (B1, gB1)
has the good property. Therefore, under the condition g∗ = 1, c3(M, [g]) = 0,
the equivariant Toeplitz operator
T ⊗A1 ⊗ (B1, gB1)
has the good property. We will show that the operator
T ⊗A1 ⊗ (Bj , gBj )
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has the good property for all j ≥ 1. It suffices to show that
(gBj )∗ = 1, c3
(
M,
[
gBj
])
= 0, for j ≥ 2. (3.17)
Since c3(M, [g]) = 0, taking the degree 3 component of (2.21), we get
∞∑
j=1
c3
(
M,
[
gBj
])
qj/2 = 0, (3.18)
which implies c3
(
M,
[
gBj
])
= 0 for all j ≥ 2.
Observe that Bj is the sum of bundles of the form
Λn1EC ⊗ Λn2EC ⊗ · · · ⊗ ΛnkEC, 1 ≤ n1, · · · , nk ≤ dimE.
We have the following lemma.
Lemma 3.5. Let V1, · · · , Vn, V be complex vector spaces. Let
hi :M −→ Aut (Vi), i = 1, · · · , n and h :M −→ Aut (V )
be cocyles inK−1(M). If the induced maps on the fundamental groups satisfy
(hi)∗ = 1, i = 1, · · · , n and h∗ = 1, then we have
(h1 ⊗ · · · ⊗ hn)∗ = 1 and
( m︷ ︸︸ ︷
h ∧ · · · ∧ h
)
∗
= 1,
where h1 ⊗ · · · ⊗ hn ∈ Aut (V1 ⊗ · · · ⊗ Vn) is defined by
(h1 ⊗ · · · ⊗ hn)(v1 ⊗ · · · ⊗ vn) = h1(v1)⊗ · · · ⊗ hn(vn), vi ∈ Vi,
and
m︷ ︸︸ ︷
h ∧ · · · ∧ h ∈ Aut (Λm(V )) is defined by
( m︷ ︸︸ ︷
h ∧ · · · ∧ h
)
(u1 ∧ · · · ∧ um) = h(u1) ∧ · · · ∧ h(um), ui ∈ V.
Proof. For a loop γ representing an element in pi1(M), since (hi)∗ = 1,
i = 1, · · · n, and h∗ = 1, there exist homotopies ηi(t), η(t), t ∈ [0, 1] such
that
ηi(0) = hi ◦ γ, ηi(1) = const; η(0) = h ◦ γ, η(1) = const.
Therefore, η1(t)⊗ · · · ⊗ ηn(t) connects the loop
(h1 ⊗ · · · ⊗ hn) ◦ γ = (h1 ◦ γ)⊗ · · · ⊗ (hn ◦ γ)
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to a constant loop in Aut (V1⊗· · ·⊗Vn). Similarly
m︷ ︸︸ ︷
η(t) ∧ · · · ∧ η(t) connects
the loop ( m︷ ︸︸ ︷
h ∧ · · · ∧ h
)
◦ γ =
m︷ ︸︸ ︷
(h ◦ γ) ∧ · · · ∧ (hn ◦ γ)
to a constant loop in Aut (Λm(V )).
As we have assumed g∗ = 1, the above lemma tells us that (gBj )∗ = 1.
Therefore (3.17) holds and the operator
T ⊗A1 ⊗ (Bj , gBj )
has the good property for all j ≥ 1.
Now taking j = 2 in (3.16), we see that the operator
T ⊗A0 ⊗ (B3, gB3) + T ⊗A1 ⊗ (B2, gB2) + T ⊗A2 ⊗ (B1, gB1).
has the good property. Since from the above discussion the operators
T ⊗A0 ⊗ (B3, gB3) and T ⊗A1 ⊗ (B2, gB2)
both have the good property, we obtain that the operator
T ⊗A2 ⊗ (B1, gB1)
has the good property. Therefore, due to (3.17), the operator
T ⊗A2 ⊗ (Bj , gBj )
has the good property for all j ≥ 1.
A standard induction procedure shows that T ⊗ Ai ⊗ Bj has the good
property for any i, j ≥ 1. In particular, we see T ⊗ Ai ⊗ B1 has the good
property for all i ≥ 0. We finish the proof for T ⊗Θ2(TM |V )⊗ (EC, g).
It is easy to see that with little modification, the above deduction still
applies to the operator T ⊗Θ3(TM |V )⊗ (EC, g).
We would like to point out that we deduce c3
(
M,
[
gBj
])
= 0 in (3.17)
from (2.21) by taking the advantage of the special positive energy represen-
tation that Q2(E) is constructed on. An alternative deduction is by using
the following proposition and the observation above Lemma 3.5.
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Proposition 3.6. Let V1, · · · , Vn, V be complex vector spaces. Let
hi :M −→ Aut (Vi), i = 1, · · · , n and h :M −→ Aut (V )
be cocyles in K−1(M).
(i) The following equality holds,
ch(V1⊗· · ·⊗Vn, h1⊗· · ·⊗hn, d) =
n∑
i=1
dimV1 · · · dimVn
dimVi
ch(Vi, hi, d). (3.19)
(ii) For any j, m ≥ 1,
c2j−1
(
Λm(V ),
m︷ ︸︸ ︷
h ∧ · · · ∧ h, d
)
is a constant multiples of c2j−1(V, h, d).
Proof. (i) Let (cf. (2.13))
∇Viu = d+ uh−1i dhi, u ∈ [0, 1]
be the curves of connections on Vi, i = 1, 2, respectively. Then V1 ⊗ V2
naturally carries a curve of tensor connections
∇V1⊗V2u = d+ u(h−11 dh1 ⊗ id + id⊗ h−12 dh2), u ∈ [0, 1].
We verify directly that the curvature RV1⊗V2u of ∇V1⊗V2u is given by
RV1⊗V2u = (u
2 − u)((h−11 dh1)2 ⊗ id + id⊗ (h−12 dh2)2). (3.20)
Using the explicit formula of the Chern-Simons form [11, (1.25)], we get
ch(V1 ⊗ V2, h1 ⊗ h2, d) = 1
2pi
√−1
∫ 1
0
Tr
[
(h−11 dh1 ⊗ id + id⊗ h−12 dh2)
· exp (√−1RV1⊗V2u /(2pi))]du. (3.21)
Since Tr
[
(h−1dh)k
]
vanishes for any positive even integer k (see [31, (1.40)]),
by (3.20) and (3.21), we obtain (3.19) for the case n = 2. The proof of (3.19)
for the general case follows in a similar way.
(ii) We consider the curve of connections
∇Vu = d+ uh−1dh, u ∈ [0, 1]
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on V . Let RVu = (u
2 − u)(h−1dh)2 be the curvature of ∇Vu .
∇Vu canonically induces a connection ∇Λt(V ) on Λt(V ) for any t ∈ C.
Furthermore, we can compute the Chern character form of (Λt(V ),∇Λt(V ))
as follows,
ch
(
Λt(V ),∇Λt(V )
)
= det
(
1 + t exp
(√−1
2pi
RVu
))
, u ∈ [0, 1]. (3.22)
As in [6, (2.8)], we deduce from (3.22) that for t ∈ C\{−1},
d
du
ch(Λt(V ),∇Λt(V ))
=
√−1
2pi
d
(
ch(Λt(V ),∇Vu )Tr
[d∇Vu
du
t e
√−1RVu /(2pi)
1 + t e
√−1RVu /(2pi)
])
,
(3.23)
Let hΛt(V ) be the actions on Λt(V ) induced from the action of h on V . By
[11, (1.25)] and (3.23), we get that for t ∈ C\{−1},
ch(Λt(V ), h
Λt(V ), d)
= −
√−1
2pi
∫ 1
0
(1 + t)dimV Tr
[
h−1dh
t e
√−1RVu /(2pi)
1 + t e
√−1RVu /(2pi)
]
du.
(3.24)
Taking the degree 2j − 1 component of (3.24), we get
c2j−1
(
Λt(V ), h
Λt(V ), d
)
= Pj(t) c2j−1(V, h, d), j ≥ 1, (3.25)
where Pj(t) is a polynomial in t. Now the second item of the proposition
follows by taking the coefficients of tm of both sides of (3.25).
Putting V = TM in Theorem 3.4, we have
Corollary 3.7. Suppose g∗ = 1, c3(M, [g]) = 0. Then the operators
T ⊗Θ2(TM)⊗ (EC, g), T ⊗Θ3(TM)⊗ (EC, g)
are rigid.
Proof of Theorem 1.1. Since M is simply connected, g∗ is automatically
trivial. Also c3(M, [g]) ∈ H3(M,R) is zero. Therefore the conditions of
Corollary 3.7 is verified.
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Corollary 3.8. Assume M is connected and the circle action is nontrivial.
If g∗ = 1, c3(M, [g]) = 0 and p1(TM)S1 = −n · pi∗u2 for some integer n,
then the equivariant index of the Toeplitz-Witten operator
T ⊗
∞⊗
n=1
Sqn(TCM)⊗ (EC, g)
is identically zero.
Proof. Taking V = 0 in the third equality in (3.41), we see that
−
∑
γ
∑
j
γ2 = n,
from which we know the n > 0 case can never happen. If n = 0, then all the
numbers dimNγ are zero, so that the fixed point set of the circle action is
empty. From Proposition 3.1, we know T ⊗⊗∞n=1 Sqn(TCM)⊗ (EC, g) has
vanishing equivariant index. For n < 0, we may take V = 0 in Theorem 3.4
to derive the result.
3.3 A proof of Theorem 3.3
We continue in the notations of the previous subsection.
Similarly to (3.3), let
V
∣∣
MS1
=
⊕
ν 6=0
Vν ⊕ V R0 (3.26)
be the S1-equivariant decomposition of the restrictions of V overMS
1
, where
Vν is a complex vector bundle such that h ∈ S1 acts on it by hν with
ν ∈ Z\{0}, and V R0 is the real subbundle of V
∣∣
MS1
such that S1 acts as
identity. Set V0 = V
R
0 ⊗ C. We denote by
2pi
√−1u jν , j = 1, · · · ,dimVν
the Chern roots of Vν with ν 6= 0, and by
±2pi√−1u j0 , j = 1, · · · ,
[
dimV R0 /2
]
,
the Chern roots of V0. Here we use the notation that for s ∈ R, [s] denotes
the greatest integer which is less than or equal to s.
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We use the virtual version of the operators in (3.8)-(3.11). Set
Θ1(TM |V )v =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
n=1
Λqn(V˜C), (3.27)
Θ2(TM |V )v =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
n=1
Λ−qn−1/2(V˜C), (3.28)
Θ3(TM |V )v =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
n=1
Λqn−1/2(V˜C). (3.29)
If V is even dimensional, set
Θ(TM |V )v =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
n=1
Λ−qn(V˜C). (3.30)
We keep the notation explained above Proposition 3.1, and define some
functions on C×H,
F VL (t, τ) = −2[dimV/2]
(−√−1
2pi
)dimN〈
ch
(
Q1(E)v , g
Q1(E)v , d, τ
)
·
(
y
θ′(0, τ)
θ(y, τ)
)
(TMS
1
) ·
∏
γ
( θ′(0, τ)
θ(xγ + γ t, τ)
)
(Nγ)
·
∏
ν
(θ1(uν + ν t, τ)
θ1(0, τ)
)
(Vν),
[
MS
1]〉
, (3.31)
F VW(t, τ) = −
(−√−1
2pi
)dimN〈
ch
(
Q2(E)v, g
Q2(E)v , d, τ
)
·
(
y
θ′(0, τ)
θ(y, τ)
)
(TMS
1
) ·
∏
γ
( θ′(0, τ)
θ(xγ + γ t, τ)
)
(Nγ)
·
∏
ν
(θ2(uν + ν t, τ)
θ2(0, τ)
)
(Vν),
[
MS
1]〉
, (3.32)
F ′VW(t, τ) = −
(−√−1
2pi
)dimN〈
ch
(
Q3(E)v , g
Q3(E)v , d, τ
)
·
(
y
θ′(0, τ)
θ(y, τ)
)
(TMS
1
) ·
∏
γ
( θ′(0, τ)
θ(xγ + γ t, τ)
)
(Nγ)
·
∏
v
(θ3(uν + ν t, τ)
θ3(0, τ)
)
(Vν),
[
MS
1]〉
, (3.33)
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F VdR,j(t, τ) = −
(−√−1)dimN+dimV/2
(2pi)dimN−dimV/2
〈
ch
(
Qj(E)v , g
Qj(E)v , d, τ
)
·
(
y
θ′(0, τ)
θ(y, τ)
)
(TMS
1
)
∏
γ
( θ′(0, τ)
θ(xγ + γ t, τ)
)
(Nγ)
·
∏
ν
(θ(uν + ν t, τ)
θ′(0, τ)
)
(Vv),
[
MS
1]〉
. j = 1, 2, 3. (3.34)
By Proposition 3.1, we get, for t ∈ [0, 1]\Q and h = e2pi
√−1 t,
F VL (t, τ) = Ind
(
h,T ⊗∆(V )⊗Θ1(TM |V )v ⊗ (Q1(E)v , gQ1(E)v)
)
, (3.35)
F VW(t, τ) = Ind
(
h,T ⊗Θ2(TM |V )v ⊗ (Q2(E)v , gQ2(E)v )
)
, (3.36)
F ′VW(t, τ) = Ind
(
h,T ⊗Θ3(TM |V )v ⊗ (Q3(E)v , gQ3(E)v )
)
, (3.37)
F VdR,j(t, τ) = Ind
(
h,T ⊗ (∆+(V )−∆−(V ))
⊗Θ(TM |V )v ⊗ (Qj(E)v , gQj(E)v )
)
, j = 1, 2, 3.
(3.38)
Recall that a (meromorphic) Jacobi form of index m and weight l over
L ⋊ Γ, where L is an integral lattice in the complex plane C preserved by
the modular subgroup Γ ⊂ SL2(Z), is a (meromorphic) function F (t, τ) over
C×H such that
F
( t
cτ + d
,
aτ + b
cτ + d
)
= (cτ + d)le2pi
√−1m(ct2/(cτ+d))F (t, τ),
F (t+ λτ + µ, τ) = e−2pi
√−1m(λ2τ+2λt)F (t, τ),
(3.39)
where (λ, µ) ∈ L, and
(
a b
c d
)
∈ Γ. If F is holomorphic over C×H, we say
that F is a holomorphic Jacobi form.
The following theorem can be thought of as an odd analogue of [20,
Theorem 3] (compare with [26, Theorem 3.1]).
Theorem 3.9. Assume (3.13) holds.
(i) F VL (t, τ), F
V
W(t, τ) and F
′V
W(t, τ) are holomorphic Jacobi forms of index
n/2 and weight (dimM + 1)/2 over (2Z)2 ⋊ Γ with Γ equal to Γ0(2),
Γ0(2) and Γθ, respectively.
(ii) F VdR,1(t, τ), F
V
dR,2(t, τ) and F
V
dR,3(t, τ) are holomorphic Jacobi forms of
index n/2 and weight (dimM − dimV + 1)/2 over (2Z)2 ⋊ Γ with Γ
equal to Γ0(2), Γ
0(2) and Γθ, respectively.
The remaining part is devoted to a proof of Theorem 3.9.
First, the condition (3.13) implies that∑
ν
∑
j
(ujν + ν t)
2 −
∑
j
y2j −
∑
γ
∑
j
(xjγ + γ t)
2 = n t2, (3.40)
which gives the equalities∑
ν
∑
j
(ujν)
2 −
∑
j
y2j −
∑
γ
∑
j
(xjγ)
2 = 0,
∑
ν
∑
j
νujν −
∑
γ
∑
j
γ xjγ = 0,
∑
ν
∑
j
ν2 −
∑
γ
∑
j
γ2 = n.
(3.41)
Under the action t 7−→ t+ λτ + µ with λ, µ ∈ 2Z, we have
θ(xγ + γ(t+ λτ + µ)) = e
−pi√−1(γ2(λ2τ+2λt)+2γλxγ )θ(x+ γ t, τ),
θ1(uν + ν(t+ λτ + µ)) = e
−pi√−1(ν2(λ2τ+2λt)+2νλuν )θ1(uν + ν t, τ).
(3.42)
From (3.41) and (3.42), we see that F VL (t, τ) verifies the second line of (3.39)
with m = n2 . In a very similar way, we can show that for
F ∈ {F VW, F ′VW, F VdR,1, F VdR,2, F VdR,3},
F also verifies the second line of (3.39) with index m = n2 .
Similar to [20, Lemma 3.2], we have the following transformation formu-
las (compare with [26, Lemma 3.2]).
Lemma 3.10. (i) The following equalities hold,
F VL (t, τ + 1) = F
V
L (t, τ), F
V
W(t, τ + 1) = F
′V
W(t, τ), (3.43)
F VdR,1(t, τ + 1) = F
V
dR,1(t, τ), F
V
dR,2(t, τ + 1) = F
V
dR,3(t, τ). (3.44)
(ii) Assume (3.13) holds. Then
F VL
( t
τ
,−1
τ
)
= 2[(N+dimV )/2]τ (dimM+1)/2epi
√−1nt2/τF VW(t, τ),
F ′VW
( t
τ
,−1
τ
)
= τ (dimM+1)/2epi
√−1nt2/τF ′VW(t, τ),
(3.45)
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F VdR,1
( t
τ
,−1
τ
)
= 2N/2τ (dimM−dimV+1)/2epi
√−1nt2/τF VdR,2(t, τ),
F VdR,3
( t
τ
,−1
τ
)
= τ (dimM−dimV+1)/2epi
√−1nt2/τF VdR,3(t, τ).
(3.46)
Proof. (3.43) and (3.44) follow from [6, (3.28)-(3.31), (4.6)], (2.25) and
(3.31)-(3.34) straightforwardly.
From [6, (3.28)-(3.31), (4.7)], we obtain the following transformation
formulas,
y
θ′(0,−1/τ)
θ(y,−1/τ) = e
−pi√−1τy2τy
θ′(0, τ)
θ(τy, τ)
,
θ′(0,−1/τ)
θ(xγ + γ t/τ,−1/τ) = e
−pi√−1τ(xγ+γ t/τ)2 τθ
′(0, τ)
θ(τxγ + γ t, τ)
,
θ1(uν + ν t/τ,−1/τ)
θ1(0,−1/τ) = e
pi
√−1τ(uν+ν t/τ)2 θ2(τuν + ν t, τ)
θ2(0, τ)
.
(3.47)
Combining (2.26), (3.31), (3.41) and (3.47), we obtain the first line in
(3.45). The other lines in (3.45) and (3.46) can be verified in a similar
way.
Since the generators of Γ0(2) are T , ST
2ST , from Lemma 3.10, we can
check directly that the first line of (3.39) holds for F VL (t, τ) with Γ = Γ0(2),
m = n2 , l =
dimM+1
2 . Thus, F
V
L (t, τ) is a meromorphic Jacobi form of index
n
2 and weight
dimM+1
2 over (2Z)
2 ⋊ Γ0(2). In a similar way, we can prove
the assertions in Theorem 3.9 except the holomorphic property.
For G =
(
a b
c d
)
∈ SL2(Z) and a Jacobi form F of index m and weight
l, we write
F
(
G (t, τ)
)
= (cτ + d)−le−2pi
√−1m(ct2/(cτ+d))F
( t
cτ + d
,
aτ + b
cτ + d
)
. (3.48)
Lemma 3.10 tells us that, if
F ∈ {F VL , F VW, F ′VW}
(
resp. {F VdR,1, F VdR,2, F VdR,3}
)
,
its modular transformation F
(
G (t, τ)
)
which may need a multiplication by
a constant is still in
{F VL , F VW, F ′VW}
(
resp. {F VdR,1, F VdR,2, F VdR,3}
)
.
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Lemma 3.11. For any function
F ∈ {F VL , F VW, F ′VW, F VdR,1, F VdR,2, F VdR,3},
its modular transformation is holomorphic in (t, τ) ∈ R×H.
Proof. The proof is almost the same as the proof of [20, Lemma 2.3] except
that we use Proposition 3.1 instead of the Lefschetz fixed point formula
therein.
It is crucial that F and its modular transformation are the Lefschetz
numbers of certain Toeplitz operators. This is also the place where the spin
conditions on M and V as well as the assumptions on g come in. Thus, one
can use index theory to cancel part of the poles of these functions.
We now prove that
F ∈ {F VL , F VW, F ′VW, F VdR,1, F VdR,2, F VdR,3}
is actually holomorphic on C×H.
The proof essentially makes use of Liu’s key techniques [20, Lemma 3.4].
We give the details here for completeness. By (3.31) and (3.34), we see that
the possible poles of F (t, τ) can be written in the form t = k(cτ + d)/r for
integers k, r, c, d with (c, d) = 1.
Suppose t = k(cτ + d)/r is a pole for F (t, τ). Find integers a, b such
that ad− bc = 1. Take G =
(
d −b
−c a
)
∈ SL2(Z). From (3.48), it is easy to
see that F
(
G (t, τ)
)
and F
(
t
−cτ+a ,
dτ−b
−cτ+a
)
have the same poles. Now that
t = k(cτ + d)/r is a pole of F (t, τ), a pole of F
(
G (t, τ)
)
is given by solving
the equation
t
−cτ + a =
k(c dτ−b−cτ+a + d)
r
, (3.49)
which exactly gives t = k/r ∈ R. By Lemma 3.11, we get a contradiction.
Therefore, F (t, τ) is holomorphic on C×H.
We complete the proof of Theorem 3.9.
References
[1] Atiyah, M.: K-theory. Lecture notes by D. W. Anderson. W. A. Ben-
jamin, Inc., New York-Amsterdam (1967)
29
[2] Atiyah, M., Hirzebruch, F.: Spin-manifolds and group actions. In:
Essays on Topology and Related Topics (Me´moires de´die´s a` Georges
de Rham), pp. 18–28. Springer, New York (1970)
[3] Baum, P., Douglas, R.G.: K-homology and index theory. In: Operator
Algebras and Applications, Part I (Kingston, Ont., 1980), Proc. Sym-
pos. Pure Math., vol. 38, pp. 117–173. Amer. Math. Soc., Providence,
R.I. (1982)
[4] Bott, R., Taubes, C.: On the rigidity theorems of Witten. J.
Amer. Math. Soc. 2(1), 137–186 (1989). DOI 10.2307/1990915. URL
http://dx.doi.org/10.2307/1990915
[5] Chandrasekharan, K.: Elliptic Functions, Grundlehren der Mathema-
tischen Wissenschaften [Fundamental Principles of Mathematical Sci-
ences], vol. 281. Springer-Verlag, Berlin (1985)
[6] Chen, Q., Han, F.: Elliptic genera, transgression and loop space Chern-
Simons forms. Comm. Anal. Geom. 17(1), 73–106 (2009)
[7] Dessai, A.: Rigidity theorems for Spinc-manifolds. Topology
39(2), 239–258 (2000). DOI 10.1016/S0040-9383(99)00005-1. URL
http://dx.doi.org/10.1016/S0040-9383(99)00005-1
[8] Dessai, A., Jung, R.: On the rigidity theorem for el-
liptic genera. Trans. Amer. Math. Soc. 350(10), 4195–
4220 (1998). DOI 10.1090/S0002-9947-98-02321-6. URL
http://dx.doi.org/10.1090/S0002-9947-98-02321-6
[9] Eichler, M., Zagier, D.: The Theory of Jacobi Forms, Progress in Math-
ematics, vol. 55. Birkha¨user Boston Inc., Boston, MA (1985)
[10] Fang, H.: Equivariant spectral flow and a Lefschetz theo-
rem on odd-dimensional Spin manifolds. Pacific J. Math.
220(2), 299–312 (2005). DOI 10.2140/pjm.2005.220.299. URL
http://dx.doi.org/10.2140/pjm.2005.220.299
[11] Getzler, E.: The odd Chern character in cyclic homology and spectral
flow. Topology 32(3), 489–507 (1993). DOI 10.1016/0040-9383(93)
90002-D. URL http://dx.doi.org/10.1016/0040-9383(93)90002-D
[12] Hatcher, A.: Algebraic Topology. Cambridge University Press, Cam-
bridge (2002)
30
[13] Hirzebruch, F.: Elliptic genera of level N for complex manifolds. In:
Differential Geometrical Methods in Theoretical Physics (Como, 1987),
NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., vol. 250, pp. 37–63.
Kluwer Acad. Publ., Dordrecht (1988)
[14] Hirzebruch, F., Berger, T., Jung, R.: Manifolds and Modular Forms.
Aspects of Mathematics, E20. Friedr. Vieweg & Sohn, Braunschweig
(1992). With appendices by Nils-Peter Skoruppa and by Paul Baum
[15] Krichever, I.M.: Generalized elliptic genera and Baker-Akhiezer func-
tions. Mat. Zametki 47(2), 34–45, 158 (1990). DOI 10.1007/
BF01156822. URL http://dx.doi.org/10.1007/BF01156822
[16] Landweber, P.S.: Elliptic cohomology and modular forms. In: El-
liptic Curves and Modular Forms in Algebraic Topology (Prince-
ton, NJ, 1986), Lecture Notes in Math., vol. 1326, pp. 55–
68. Springer, Berlin (1988). DOI 10.1007/BFb0078038. URL
http://dx.doi.org/10.1007/BFb0078038
[17] Landweber, P.S., Stong, R.E.: Circle actions on Spin man-
ifolds and characteristic numbers. Topology 27(2), 145–
161 (1988). DOI 10.1016/0040-9383(88)90034-1. URL
http://dx.doi.org/10.1016/0040-9383(88)90034-1
[18] Lawson Jr., H.B., Michelsohn, M.L.: Spin Geometry, Princeton Math-
ematical Series, vol. 38. Princeton University Press, Princeton, NJ
(1989)
[19] Liu, K.: Modular invariance and characteristic num-
bers. Comm. Math. Phys. 174(1), 29–42 (1995). URL
http://projecteuclid.org/getRecord?id=euclid.cmp/1104275092
[20] Liu, K.: On modular invariance and rigidity theo-
rems. J. Differential Geom. 41(2), 343–396 (1995). URL
http://projecteuclid.org/getRecord?id=euclid.jdg/1214456221
[21] Liu, K.: On elliptic genera and theta-functions. Topology
35(3), 617–640 (1996). DOI 10.1016/0040-9383(95)00042-9. URL
http://dx.doi.org/10.1016/0040-9383(95)00042-9
[22] Liu, K., Ma, X.: On family rigidity theorems. I. Duke Math. J.
102(3), 451–474 (2000). DOI 10.1215/S0012-7094-00-10234-7. URL
http://dx.doi.org/10.1215/S0012-7094-00-10234-7
31
[23] Liu, K., Ma, X.: On family rigidity theorems for Spinc manifolds. In:
Mirror Symmetry, IV (Montreal, QC, 2000), AMS/IP Stud. Adv. Math.,
vol. 33, pp. 343–360. Amer. Math. Soc., Providence, RI (2002)
[24] Liu, K., Ma, X., Zhang, W.: Spinc manifolds and rigidity theorems in
K-theory. Asian J. Math. 4(4), 933–959 (2000). Loo-Keng Hua: a great
mathematician of the twentieth century
[25] Liu, K., Ma, X., Zhang, W.: Rigidity and vanishing theorems in K-
theory. Comm. Anal. Geom. 11(1), 121–180 (2003)
[26] Liu, K., Wang, Y.: Rigidity theorems on odd dimensional manifolds.
Pure Appl. Math. Q. 5(3, Special Issue: In honor of Friedrich Hirze-
bruch. Part 2), 1139–1159 (2009)
[27] Ochanine, S.: Sur les genres multiplicatifs de´finis par des inte´grales el-
liptiques. Topology 26(2), 143–151 (1987). DOI 10.1016/0040-9383(87)
90055-3. URL http://dx.doi.org/10.1016/0040-9383(87)90055-3
[28] Taubes, C.H.: S1 actions and elliptic genera.
Comm. Math. Phys. 122(3), 455–526 (1989). URL
http://projecteuclid.org/getRecord?id=euclid.cmp/1104178471
[29] Witten, E.: Elliptic genera and quantum field the-
ory. Comm. Math. Phys. 109(4), 525–536 (1987). URL
http://projecteuclid.org/getRecord?id=euclid.cmp/1104117076
[30] Witten, E.: The index of the Dirac operator in loop space. In:
Elliptic Curves and Modular Forms in Algebraic Topology (Prince-
ton, NJ, 1986), Lecture Notes in Math., vol. 1326, pp. 161–
181. Springer, Berlin (1988). DOI 10.1007/BFb0078045. URL
http://dx.doi.org/10.1007/BFb0078045
[31] Zhang, W.: Lectures on Chern-Weil Theory and Witten Deformations,
Nankai Tracts in Mathematics, vol. 4. World Scientific Publishing Co.
Inc., River Edge, NJ (2001)
32
